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’REFACE

There are a large number of books in which a detailed exposition of
he Hilbert space approach of boundary value problems for elliptic differ-
mntial equations is given. In contrast with these books, some of which are
listed at the end of this report, the aim of this report is to meet the
ieeds of the applied mathematician, who is interested in the general idea
»f this approach of elliptic boundary value problems, and wishes to see the
sonnection between the concepts involved without having to go into all of
‘he details of the proofs. Therefore, in this survey nearly all proofs are
mitted, although references are given.

Sobolev spaces of functions defined in a region of R" are introduced
.n section 1. Replacing the original boundary value problem by the problem
»f finding a function satisfying an equation expressed in terms of a bi-
linear form defined on a Sobolev space is the subject of section 2. Section
3 ig devoted to the existence of a unique solution of this new problem, the
so—called generalized boundary value problem. Section 4 deals with the reg-
1larity of solutions, i.e., with the question under which conditions a so-
lution of the generalized problem is a "classical" solution. Section 5
shows us how other boundary conditions (Neumann, mixed) can be examined.

‘n section 6 some remarks on -the regularity of solutions of boundary value

>roblems in a domain with non-smooth boundaries (having '"corners') are made.







. SOBOLEV SPACES

The concept of the partial derivative of a function is generalized.
functions having generalized derivatives up to a certain order can be
shown to form a Hilbert space, the so-called Sobolev space of that order.
'he further part of this section is concerned with the description of some
)roperties of these spaces, among which the fact that Sobolev spaces can

e imbedded in other spaces is of great importance.

.1. Standard notations. The usual notations will be employed. Throughout

‘his report x = (xl,...,x ) is a variable point in the real n-dimensional
wuclidean spacepﬂ( ; the Euclidean length of x is [x]| = (x +...4% )é 1 =
: a/axi, pP = Dll"'Dn where p],...,pn are non-negative 1ntegers and p =
: (pl,...,pn), Ipl = p]+...+pn. Given an open set 9 in Bfl,we shall denote
'y Cm(Q), m=0,1,2,...,°, the set of all complete valued functions that are
rontinuous in Q together with their first m derivatives, and by Cm(ﬁ) the
et of functions that have this property uniformly in Q. If the boundary

Q of @ is "sufficiently" smooth —-it will be explained later on more pre-
isely which conditions should be imposed on 3Q-, then Cm(ﬁ) is exactly

he set of functions of which the derivatives up to order m may be consid-
red as continuous functions on Q. The subset of Cm(Q) of all functions ha-
'ing a compact support in @ is denoted by Cg(ﬂ).

Now take m = «~, The set C:(Q) can be regarded as a linear space. If
ne additionally introduces a certain topology on CO(Q), the topological
‘ector space D(Q) is obtained. A continuous linear functional on D(Q) is
alled a distribution in Q. Elements of C;(Q) are usually denoted by ¢,
nd frequently the notation <f,¢> is used when meaning that f is a distri-
ution in Q.

The norm of an element of the Hilbert space of square integrable func-

ions in @, LZ(Q), is defined as

2 2
||f||0 q = (J | £(x)] dx)
’ Q

nd the inner product as

—




(£,8) ¢ = jﬂ £(x) g(x) dx.

Finally, let u be a function defined in Q; its restriction to a region

Ql < Q is usually denoted by uIQ .
1

1.2. Definitions. If the distributional derivative v = DPu belongs to LZ(Q),
it is said that v is the p-th weak derivative of u. Since in that case

égf

J v ¢ dx = <DPu,¢> (-1)|P|<u,DP¢> - (-1 Pl f ubPy dx,
Q

Y

one can also define the p-th weak derivative as the function v e LZ(Q) sat-

isfying
Ws8)g o = DPL Py o

Let m be a non-negative integer, and Q an open set in R". Then the m-tk
sobolev space Hm(Q) by definition consists of all functions u having weak

vartial derivations up to order m. The scalar product of Hm(Q) is defined

is

(U,V)m 0" z ft pPupPy dx.
’ lplsm ‘@

‘he norm associated with this scalar product is written as IhJHm When

Q°
. H
confusion is unlikely, the index @ is often suppressed.

Notice that HO(Q) = LZ(Q). From the definitions it follows that
co k m 2 .
CO(Q)CH(Q)CH(Q)CL(Q) if k 2m= 0,

here the inclusions should be taken in the set theoretical sense. The fol-

owing theorem is not hard to prove.

.3. Theorem. The space Hm(Q) as defined above is a Hilbert space in the

orm || - llm’Q-

roof: See Wloka [1969], p. 2. 0O




1.4. Remark. An alternative definition for Hm(Q) can be given in the fol-

lowing manner. Let Cm*(Q) denote the linear normed space of all functions
. m . . . o .

1 in C () having finite norm Ithm’Q. A sequence (uk)k=l is a Cauchy se

juence in Cm*(Q), if

P - nP < <
|| D w -~ D uZHO,Q - 0 as k,8>», 0 < |p| € m.
there now Dpuk means the derivative in a classical sense. Since Lz(Q) is a
:omplete space, Dpuk converges to a certain u(p) € LZ(Q). One is accustomed

(p)

:0 call u the p-th strong derivative of u. The m—th Sobolev space is
:hen defined to consist of all functions u € LZ(Q) for which there exists
1 Cauchy sequence (uk) in Cm*(Q) such that llu_ukIIO,Q + 0 as k » «,
For very general domains Q, the two definitions are equivalent. Fried-
nan [19691, p. 14 ff., gives a proof in case  is bounded, Agmon [1965],
». 11 ff,, in case Q satisfies a certain, easily fulfilled, condition.
Note, that once this equivalence is established, Hm(ﬂ) can be seen as

*
:he completion of c® (2) with respect to the norm |

'”m’ﬂ,and even of
; ’m*(Q), by which we mean the linear normed space of all functions u of
)m(Q) with finite norm Ihl”m,g‘ We shall be in need of a classification of
‘he types of boundaries an open set in R" can have. First of all there is
‘he rather general cone condition. Besides we have more specific smoothness

ronditions.

.5. Definition, (See figure 1.1). Aﬁ open set Q < R%is said to satisfy
‘he cone condition if there exists a fixed spherical cone C with a certain
jpening and height, such that for each x € Q one can construct a cone C'
rith vertex x congruent to C that lies completely within Q.

X
n

Figure 1.1 v , , ] Figure 1.2




1.6. Definition. The boundary 32 of a domain Q < R" is said to be of class
K in the neighbourhood of xO € 0Q, if there exists an open set 2, (e.g. a

ball), with xo € QO’ such that each point x of 32 N Q. can be represented

0
in the form

(1.1) X = (Xl""’xi—l’h(xl""’xi—l’xi+l"'"xn)’xi+1""’xn)’
and that
(1.2) X, > h(xl""’xi—l’xi+l""’Xn)

in QO N @, both for some i, 1<i<n, with h a g timesocontingouslg differ—
entiable function. Note that, in particular, X, = h(xl,...,x T e )
In figure 1.2 the situation is shown for i = n.

If h is k times differentiable, and if the derivatives of order k are
Lipschitz continuous, 3Q is said to be of class Ck’l in the neighbourhood
of x e 3Q.

If the boundary is of class Ck (Ck’l) in a neighbourhood of each
Ck 1)

Clearly, the direction of the normal to the boundary is only defined

X € 302, then one simply says that 3Q is of class C (

in points X € 3Q in the neighbourhood of which 3Q is of class Cl. Further-
more, if 3Q is of class CO’], Q has the cone property.

We now wish to generalize the concept of zero values of the deriva-
tives taken along the normal to the boundary of a certain function defined

on Q. To this end we first give a definition.

1.7. Definition. H (2) is the completlon of C () in gt ). It is well-
<nown that CO(Q) is dense in L (2), from whlch it follows that H Q) = LZ(Q).
For m = 1, H (2) is a real subset of i ).

1.8, Lemma. Let X, be a point on the boundary of a domain 2, and let 39 be
Lipschitz continuous in a neighbourhood of Xy If u e H?(Q), if DPu is con-
tinuous in a neighbourhood of X, in Q, and if |[p| < m-1, then pPu vanishes

at x..
0

?roof: See Agmon [1965]1, p. 106 ff. [




A direct consequence of this lemma is that if 3Q is Lipschitz continu-

yus, if ueHg(Q) n ™ (@), then DPu = 0 for all p with Ip| < m-1.

1.9. Lemma. If Q is bounded and 32 of class C-, if u € C™(2) and if DPu = 0
‘or |p| € m~1, then u € Hg(ﬂ).

>roof: See Agmon [19651, p. 130. 0

.10. Definition. If 3Q is of class Cl, the normal to the boundary 30 ex-
.sts everywhere. In that case for functions u.e C (Q) the property pPu = 0
it 9Q for all p with |p| < m-1 is equivalent with BJu/Bv = 0 at 30 for
=0,...,m—1, where 3/9v denotes the derivative along the inward normal to
2. Lemmas 1.8 and 1.9 thus justify the following definition. If u ¢ Hg(ﬂ),

‘hen u is said to satisfy the homogeneous boundary conditions
3du/av) =0,  j=0,...,m-1

n the generalized sense. In the next section we shall see how the concept

f generalized boundary conditions is used in connection with boundary value

yroblems.,

Now consider the identity mapping Hk(Q) - Hm(Q), k >m 2 0. It is eas-
ly seen that this mapping is continuous. This is a very simple example of
n imbedding theorem. The following theorem, due to RéZZich, states a

tronger result.

11 Theorem. Let Q be a bounded domain in R™. Then the identity mapping
H Q) ~ H (2) is compact for any k > m 2 0. If the boundary of Q@ is Lip-
chltz contlnuous, the identity mapping H ) - i (2) is also compact for

>m =2 0.

roof: See Agmon [1965], p. 29 ff. and p. 99, Friedman [1969], p. 31. [

Often we wish to bring the m~th Sobolev norm of a function in connec-
ion with the traditional sup-norm. This is done by means of the next theo-

em.

.12, Theorem. Let @ be a bounded domain in ﬂflsatisfying the cone condi-




tion. If u is a function in Cm(Q) n Hm(Q), and if m > n/2, then

< .
sup |u(x)| < const lhl”m’gs
xefd

where the constant only depends on n and the opening and height of the cone.

Proof: Friedman [19691, p. 22, [

This section is concluded by an important imbedding theorem, that tells
us in which cases a function having generalized derivatives can be consid-

ered as a function with classical derivatives.

1.13. Theorem. (Sobolev) Let Q < R"be a bounded domain having the cone
property, and let u belong to Hm(Q) for some m. If k 2 0 satisfies the in-
equality m > k¥+n/2, then u can be redefined on a set of measure zero in
such a way that it belongs to Ck(Q). One usually expresses this fact less

rigorously by saying that for m > k+n/2 Hm(Q) c Ck(Q).

Proof: Friedman [1969], p. 30, Agmon [1965], p. 32. O

Let us introduce for u € Ck(ﬂ) the norm

(1.4) Mulll, o= §  sup [DPuG)|
’ Ipl<k xef
. k .. . k . ..
and the normed linear space C*(Q) consisting of all u in C () with finite
r0orm (1.4). From theorem 1.12 it can be easily concluded that for m > k+n/2
the mapping ur u defines a bounded imbedding of Hm(ﬂ) into CE(Q). Since
for bounded domains @ with boundary belonging to class CO’] there holds

JE(Q) = Ck(ﬁ), theorem 1.14 has the following corollary.

1.14. Corollary. Let Q < R" be a bounded domain, and its boundary 90 of
zlass CO’]. If m > k+n/2, then Hm(Q) c Ck(ﬁ); moreover, the imbedding

im(ﬂ) - Ck(ﬁ) defined by the identity mapping is continuous.




HE GENERALIZED DIRICHLET PROBLEM

The essential feature of Hilbert space methods for elliptic partial
erential equations is to translate the boundary value problem into a
alled generalized problem of finding the solution of an equation in a
ert space expressed in terms of a bilinear form defined on that Hilbert
e. Afterwards one then shows in which circumstances the solution of the
ralized problem is also a solution to the problem originally stated. In

section we shall give a formulation for the Dirichlet problem for el-

ic equations. In section 5 other boundary conditions are considered.
Definition. The differential operator
n

n
L= =) Dy(a (D) + ]
1,]j=1 i=1

N

ai(x)Di- + ao(x)-,

e the coefficients aij are real or complex valued, and, for the moment,
supposed to be sufficiently smooth for the operator to exist, is called
ormly strongly elliptic in an open set = R", if there exists a con-

t E > 0 such that

n n
) 2, (0E;E, 2 E Y e

12
i,j=1 i=1

2
l

o
)

=EI€

all £ € R and x ¢ 2. The constant E is called the module of ellipti-

Jirichlet problem. We now give a description of the Dirichlet problem

a second order elliptic differential operator. Consider a bounded do-
Q « R®with continuous boundary 9Q2. Let L be a uniformly strongly el-
ic operator in ©, and let f and g be given functions defined in 9 and
) respectively. The Dirichlet problem then consists of finding a func-

u satisfying

~

Lu=f in Q,

(=
]

g on 9.




If a function u belongs to CZ(Q), and satisfies (2.3), it is called a
classical solution of the equation (2.3). A function u ¢ Co(ﬁ) is said to
satisfy the boundary condition (2.4) in the classical sense. If u € CZ(Q)

n Co(ﬁ) and if u satisfies (2.3) and (2.4), then one calls u a classical
solution of the Dirichlet problem (2.3), (2.4).

In this stage of the exposition we wish to consider homogeneous bound-
ary conditions only. This would be no loss of generality, if we had a theo-
rem establishing the existence of a (sufficiently smooth) function F defin-
ed on 5, satisfying (2.4) on 3R, since in that case we could consider w =
= u-F, being a solution of the Dirichlet problem with vanishing boundary
conditions

@gf

Lw = £ £ - LF in @,

w=20 on 9Q.

It can be proved that such a function exists if @ and 92 satisfy certain
conditions. Friedman [1969] gives a proof for the simple case one obtains
if one imposes rather strong conditions on 3Q. A general theory is found
in Lions and Magénes [1968], or Netas [1967]. Here, we merely postulate

the existence of such a function F.

2.3. Bilinear forms. We wish to discuss in a more or less heuristic fashion

the introduction of bilinear forms in connection with elliptic differential

aquations. Let us consider the Dirichlet problem with homogeneous boundary

data
(2.3) Lu=f in Q,
(2.5) u=0 on 30,

and let u be a classical solution of this problem. Then for all ¢ ¢ C;(Q)
(Lu,¢)O’Q = (f,¢)0’9.

By integration in parts we obtain




n n
(i;?il Diaij(x)Dju,¢)o = i,§=l (aij(x)Dju,Di¢)0.

lence, if u is a classical solution of equation (2.3), we have for all
b e Cy(®)

n

n
(2.6) . §=l(aij(X)Dju’Di¢)0 + iZl(ai<x>niu,¢>0 + (ag(x),4), = (£,4)

[f we now define for u and v belonging to CI(Q) the expression B(u,v) as

n n
(2.7) B(u,v) = i’JZ= (aij (x)Dju,Djv)O + izl(ai(x)Diu,v)o + (ay(x)u,v)

:hen we may write (2.6) as
2.8) B(u,¢) = (f’¢)0,9 for all ¢ € CO(Q).

[t is clear that B(u,v) is a bilinear expression. It is called the bilinear
‘orm assoctated with L. Observe that it can be defined under less restric-
:ive conditions on the coefficients aj; than is possible in the definition
»f the operator L. In fact aij(x) e L2(Q) is already sufficient. Moreover,
.f one allows generalized derivatives, then B(u,v) can be defined for all
1,V € HI(Q). In that case L in (2.1) is not a differential operator in the
:lassical sense; but L does of course have a meaning in the distributional

iense.

The formal adjoint of L is defined as

. Di(Ei(X)-) +ag(x). .

z

n
2.9) L= -y Di('éij(x)nj-) -

i,j=1 1

wssuming the coefficients aij to be continuously differentiable, one easily

)btains the equality

2.10) (Lo,¥)y o = <¢,L*w>0 o for all 4,0 e CH(@).




10

The right hand side of (2.10) also exists if one takes for ¢ a function
u € LZ(Q), the left hand side does not. This leads us to the concept of
weak solution: a function u is called a weak solution of Lu = f in Q, if

u e LZ(QO) for all QO with QO cQ, and if

E2)

(2.11) (u’L*¢)O,Q = (13,(1))0’Q for all ¢ € C;(Q).

Here f is assumed to be square integrable. Some authors call u a strong so-
lution of the equation Lu = f, if u € HI(QO) for all QO with 50 cQ, and if

(2.12) B(u,9) = (f,¢)0 Q for all ¢ € C;(Q),

where B is the bilinear form associated with L. Slnce, by definition, c. (Q)
is dense in H (2), (2.12) remains true for all ¢ € H ).

Now the follow1ng assertion can be easily proved 1et a. J.,a belong to
C «), aO 0
with 2 < 2, then u is a weak solution if and only if it is a strong solu-

0
tion. Therefore we are legitimated to forget the distinction between weak

belong to C (), and let u be a function in H (Q ) for any @

and strong in most cases, and to speak simply of generalized solutions of
the equation Lu = £,

In the preceding section we have already given a generalized notion of
the boundary condition (2.4). Additionally, we intro&uce the following ter-

minology. The problem of finding a function u € Hé(Q), satisfying
1
B(u,v) = (f’v)O,Q for all v e HO(Q),

where f € LZ(Q) is a given function, is called the generalized problem for
(2.3), (2.4), or the generalized Dirichlet problem for homogeneous boundary
data. A solution of the generalized problem is called a generalized solu-
tion of the Dirichlet problem (2.3), (2.4). In this terminology we state

the following theorem.

2.4. Theorem. Let Q be a bounded domain with continuous boundary, and let

1
aij,a e C (), a,

problem for homogeneous boundary data, and if u ¢ C @) n C (Q), then u is

€ CO(Q) If u is a generalized solution of the Dirichlet
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a classical solution.

Proof: From 2.3 it easily follows that u is a classical solution of the e-
quation. That u satisfies the boundary condition (2.5) in the classical

sense, is a consequence of theorem 1.10. [J

2.5. Example. Consider in Q@ < R" the Dirichlet problem

-Au

f in Q,
0 on 39.

u

e

where A is the Laplace operator E? az/axi; -A isﬁéilibtic with elliptici-

=1
ty module 1. The bilinear form associated with -A is the Dirichlet form

(integral)

We~—s

(2.13) D(u,v) =
i

he~—g

| JQ DiuDiv dx = (Diu,Div)o’Q-

i=1

The generalized Dirichlet problem: find u € Hé(ﬂ) such that

D(u,v) = (f,v)0 Q for all v ¢ Hé(Q)
H

Jow let Q be bounded, and ¢ € C;(Q). Then there exists a cube C: {x | [x|] < e}
such that < C. One has

X
n

¢(x1,...,x _l,xn) = J_c Dn¢(x1,...,xn_l,£n)d£n.

Applying the Cauchy-Schwarz inequality, one obtains

c
2 2
|¢(x1,..,,xn_1,xn)| < 2¢ J IDn¢(x1,...,xn_1,£n| dgn.

-c
[ntegration of this result with respect to X in the interval (-c,c) yields
c

c
2 2
)
J—c |¢(xl,...,xn_1,xn)| dxn < 4e f_c an¢(x1,...,xn_1,£n,| dEn.
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lepeated integration with respect to the remaining n-1 variables leads to
the result
n

2 2 ©
‘ <
(2.14) H¢HO’Q < 4e izl ”Di¢”0,n for all ¢  C,(2).

fhe above argument remains true if @ is bounded in one direction, say X
»nly. Combining (2.13) and (2.14) one finds
, 2 ) 1
2.15) KD(u,u) = ||ull for all u € H_(Q),
0,8 0

thich is known as Poincaré's inequality. One also has

. 2 _ 2
2.16) IIuH]’SZ = D(u,u) + HUIIO’Q < (1+K)D(u,u)
‘or all u € Hé(Q), from which it follows that D(u,u) may be used as a norm

iquivalent to IIqu.

‘6., Definition. Let V be a Hilbert space with norm |[|- ”V’ and let B(u,v)

e a bilinear form defined on V. If, for some positive constant
‘ 2
Re B(u,u) = const. lluHV for all u e V,

 is called strongly coercive over V..

In view of (2.16) D(u,v) is strongly coercive over Hé(Q). We shall de-
ive an inequality for bilinear forms which are associated to more general

trongly elliptic operators.

.7. Theorem. Let L be the uniformly strongly elliptic differential opera-
or in @ © R" of definition 2.1. Let further B be the bilinear form associ-
ted with L. Assume further that the coefficients ai(x) are uniformly
ounded in Q. Then there exist constants c > 0 and AO 2 0 such that

2 2
2,17) Re B(u,u) = cE]h;Hl - AolluHO
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for all u € HI(Q), where the constant c only depends on n, and A, only on

0
1, E, and on sup {Iai(x)l | x e @, i=0,...,n}.

Proof: Since the argument of the proof is both elementary and clarifying,

we'give it here. For simplicity we assume the coefficients and all functions

dccurring to be real. Using the uniformly strong ellipticity of L, we obtain
n

n
B(u,u) = z (aiiju,Diu)0 + 'zl(aiDiu,u)O + (a

u,u)
i,j=1 i= 0

0

v

o 2 2 2
E ilelDiull0 - ¢ (i-X_:]I(Diu’U)()' + lully),

vhere the positive constant c, is depending on the upperbound of ai(x),

1
i=0,1,...,n. As for arbitrary € > 0

2 -1 2
<
2 1(;uuyl < 2 Igullgllully < e IDgull + ™ ful?,
it follows
n
2 -1 2
B(u,u) = (E c]ez ileDiuII0 nc,e HuHO.

3y an adequate choice of € one obtains (2.17). [

Inequality (2.17) is a special case of the so-called G&rding’s ine-
nuality. It expresses a somewhat weaker property than strong coercivity.

‘n connection with this observation the following definition should be seen.

'.8. Definition. Let H be a Hilbert space with norm H'IIH, and let V be a
.inear subspace of H that is dense in H. Suppose that V in its turn has a
orm ||+l
i const. ]hJHV for all u € V. A bilinear form B(u,v) defined for u,v € V

in which it is a Hilbert space. Suppose further that IhJHH <

.s said to be coercive over V, if there exist constants ¢, > 0 and c, 20

such that

. 2 2
2.18) Re B(u,u) 2 ¢ llully = ¢, llully
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for all u e V.

Theorem 2.7 can be reformulated as follows: under the conditions given
there B(u,v) is coercive over Hl(Q). An important special case of an ellip-

tic operator L is considered in the next theorem.

2.9. Theorem. Let L be the strongly elliptic operator

n
Le = ' 72_ Diaij(x)Dj- + ao(x)',
1,j=1

where ao(x) satisfies for some %y ao(x) > o, > 0 for x € 2. The bilinear
form associated with L, i.e.
n

B(u,v) = Z (aiiju’Div)O,Q + (aou,v)

i,j=1 0,8

is strongly coercive over HI(Q).

Proof: The result follows from

v 2 2
Re B(u,u) =2 E iZ] ”Diu”0 + 2 Ihlno- g

We have given a number of coerciveness results for bilinear forms as-
sociated with second order elliptic equations. The existence theory in the
1ext section is based on the coerciveness of bilinear forms. But before
>roceeding to the existence of solutions we wish to generalize the above

results for higher order elliptic equations.

?.10. Definition. The differential operator of order 2m

2.19) L = ) (—l)lple(a (x)p?+)
Ipl,lqlsm Pq

.s said to be uniformly strongly elliptic in a domain Q < Bfl, if there ex-

.sts a constant E > 0 such that

Re ) a (0EP* > g (g 2m

Ipl=lql=m P9
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‘or all x € Q and £ € R", Notice that in (2.19) not the most general 2m-
th order elliptic operator is defined. Nearly all authors restrict them-—

jelves to this type of operator.

.11, Dirichlet problem for higher order equations. Let @ be a bounded do-

1ain in Bfl, with continuously differentiable boundary. The Dirichlet prob-

.em for the uniformly elliptic operators of order 2m
2.20) Lu = f in Q

.s obtained by requiring

2.21) aju/Bvj = gj on 90, j=0,...,m—1,

here f and gj, j=0,...,m-1 are given functions. In the same way as for
econd order elliptic equations we shall confine ourselves to the Dirich-
et problem with homogeneous boundary data.

The introduction of bilinear forms is performed in the same fashion
s was done for second order operators. Let ¢ be any function in C;(Q),

hen a classical solution u of (2.20) satisfies

(Lu,0)g o = (£,0)0
ntegrating the left hand side in parfs, one finds

2.22) Y (a_ (x)p%u,DP9)

= (£,¢)
ol 1ql<m 0,0 70,0

or all ¢ € CS(Q). Allowing generalized derivatives, one can define for all

,V € Hm(Q) the bilinear form associated with L
2.23) B(u,v) = y (a_ (x)p%u,DPv) .
0,8

lpl,lql<m

The concept of generalized solution of the equation Lu = f, in case L

s a 2m—th order elliptic operator, shows no difference with the case of
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second order equations. Exactly as one might expect, the operator

|P|,|<I|Sm Pd

is called the formal adjoint of L (note that L = ¥ if the coefficients are
real). If u e LZ(QO) for all QO with 50 < Q, and if

(2.24) (u’L*¢)0’Q = (f’¢)0,9 for all ¢ € C;(Q),

then u is called a weak solution. And, as expected, u is called a strong
solution if u e Hm(QO) for all Q) with ) < @, and if

B(u,0) = (£,0)) g for all ¢ e Cj(Q),

. . . . 2
where f is some given function belonging to L“(Q).
Just as in the second order case, one may overlook the distinction be-
tween weak and strong solution, because of the validity of the following

Iql(Q) for all multi-indices pq, and let u

assertion: let apq belong to C
be a function of Hm(QO) for any QO with 50 < @, then the concepts of weak
and strong solutions are equivalent.

Finally, the problem of finding a function u € H?(Q), such that
(2.25) B(u,v) = (f’V)O,Q

10lds for all v € H?(Q), will be called the generalized Dirichlet problem
7ith homogeneous boundary data for the equation Lu = f. Analogous to theo-

cem 2.4 one has:

.12, Theorem. Let Q be a bounded domain with continuously differentiable
youndary, and let apq(x) belong to both Clpl(Q) and CIqI(Q). If u is a gen-
:ralized solution of the Dirichlet problem for the equation Lu = f with ho-
l1ogeneous boundary data, and if u e sz(Q) n Cm-l(ﬁ), then u is a classical
jolution.

'roof: Combine the results of 2.11 and theorem 1.10. Observe that the C1
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oundary is only needed to be able to define the normal to the boundary in

very point of 3Q. [J

.13. Example. Consider in @ < R" the Dirichlet problem

AAu = £ in Q,
u = Jdu/dv =0 on 3R,

here A is the Laplace operator; AA is called the biharmonic differential
perator. To show that AA is uniformly strongly elliptic, one must calcu-
ate the sum

qu

a
, P4

lpl=lql=

ince apq = 1 for |pl=lql=2, p = q and only one P; in p = (pl,...,pn) is un-
qual to zero, apq = 2 for |p|=|q|=2, p = q and only two P;» pj unequal to

sro, and apq = 0 otherwise, one finds

a  £Ped = le1®,
lpl=lql=2

1e bilinear form associated with AA is

2.26) B(U,V) = (AU,AV)O Q 9

a1ich is defined for all u,v € HZ(Q).
In order to prove the strong coercivity over Hé(Q) of this bilinear

orm, we need an inequality that is derived by repetitive application of

2.14)
n n
2 _ 2 2 2
lell = lellg + I 1In;elg + 123.:,""1%“’”0
H
n n n
2 2 2
<cp L Ipgellg+ L NpDaslly <c, ] lIDgDollg.

i=1 i,j=1 i,j=1
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Because the last quantity is equal to IlAuHé, it is shown that
2 2

(2.27) B(u,u) = (Au,Au)0 > c3||u|]2 for all u € HO(Q).

The generalized Dirichlet problem with homogeneous boundary data is to find

a ue HS(Q) such that
_ 2
(Au,Av)O’Q = (f’v)O,Q for all v ¢ HO(Q).

The following theorem is merely a generalization of the argument estab-
lishing (2.27).

2.14. Theorem. Let L be a uniformly strongly elliptic operator with con-
stant coefficients in 2 (Q bounded in at least one direction), in which no

derivatives of order less than 2m occur, i.e.

L= ] a_pP*4.,
Ipl=lql=m P4

[hen the bilinear form associated with L,

B(u,v) = Z "(a Dpu,qu)
Ipl=lql=m P9 08

ls strongly coercive over HE(Q).

’roof: See also Agmon [1965], p. 80, or Friedman [1969], p. 34 ff. [J

The generalization of theorem 2.7 for higher order elliptic operators
.s far more difficult to prove. Here we just state the result. It is known

1S G&rding's inequality.

'.15. Theorem. Let @ € R"be a bounded domain, and let the operator L given

'y (2.19) satisfy the following conditions:

L1) L is uniformly strongly elliptic in Q with a module of ellipticity E;
L2) the coefficients apq(x) of L are uniformly bounded in Q;

L3) the principal coefficients (|p|=|q|=m) are uniformly continuous in Q.
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. . . . . m .
hen the bilinear form B associated with L is coercive over HO(Q), i.e.
:here exist constants ¢ > 0 and AO 2 0 such that

, 2 2
2.28) Re B(u,u) 2 cE]hJHm N AOIhJHO,Q

lor all ue Hg(ﬂ). Here, c only depends on m and n, and A, on n,m,E, on the

0
.argest modulus of continuity of the principal coefficients and on

sup {Iapq(x)l | x €9, Ipl,|lqlsm}.

'roof: See Agmon [1965], p. 75 ff. and Friedman [1969], p. 34 ff. The pre-

teding theorem is a first step of the proof of Ggrding's inequality. [

«16. Remarks. Theorem 2.14 also applies to second order operators. Notice
‘he difference between the theorem on coercivity above. In the second order
:ase coercivity over HI(Q) is proved, but for higher order equations one
1as a less strong result, namely coercivity over Hg(ﬂ). Theorem 2.9, on a
pecial second order operator, has no extension for m > 1. Finally, we have
een that if the principal coefficients are constants, and the other zero,

he associated bilinear form is strongly coercive over Hg(ﬂ) for both m = 1

nd m>1, ’
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3. EXISTENCE OF SOLUTIONS

The theory of existence of a solution of the generalized Dirichlet
problem with homogeneous boundary data has its roots in two fundamental re-
sults, the Riesz representation theorem and the Fredholm alternative for
compact operators in a Hilbert space. In this section first an extension
of Riesz's theorem is given, known as the Lax-Milgram lemma, which is suf-
ficient in case the bilinear form considered is strongly coercive. If the
bilinear form is coervice only, then the Fredholm alternative is needed to

prove the existence of the solution.

3.1. Theorem (Lgx-Milgram). Let B(u,v) be a bilinear form on a Hilbert
space V with inner product (',')V and norm ||°HV, and assume that B is

bounded on V, i.e. there is a constant k > 0 such that for all u,v eV
[B(u,v)| <k lully Hvlly,

and that B is strongly coercive over V. Then every bounded linear function-

al F(v) on V can be represented in the form
(3.1) F(v) = B(u,v)
for some u € V, which is uniquely determined by F.

Proof: See Friedman [1969]1, p. 41. [J

This theorem is a generalization of the Riesz representation theorem
and is in agreement with the remark made before, that a strongly coercive

bilinear form resembles an inner product.

3.2. Corollary. Applying the Riesz representation theorem to (3.1) we can
define a mapping A:V > V by

B(u,v) = (Au,v)V.

It can be shown that this mapping A is linear and bounded, that A is sur-
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jective, so that A has a bounded inverse A_]. See e.g. Friedman [1969],
>. 41 ff. Consequently, there exists for each g € V a uniquely determined

1 € V solving the equation
(Au,v)V = (g,v)V for all v ¢ V,
thich is equivalent to
Au = g
:onsidered as an abstract operator equation in the Hilbert space V.

The following existence theorem is a direct consequence of the Lax-

filgram theorem.

}.3. Theorem. Assume that the uniformly strongly elliptic operator L has
m associated bilinear form that is strongly coercive over Hg(Q). Then there
:Xxists a unique solution of the generalized Dirichlet problem with homogen-

rous boundary data
. 2
3.2) Lu=f in Q, £ ¢ L7(Q),

3.3) u

0 on 9f,

roof: See also Friedman [1969], p. 43. HE(Q) plays the role of V mentioned
n 3.2, and (f,v)0 Q the role of F(v) in theorem 3.1, [J
]

Possibly the following diagram can be of help in understanding the
ituation. The differential operator L is an unbounded operator from the
ubset D = {v € Hg(ﬂ)l Lv € LZ(Q)} onto LZ(Q), whereas A is a bounded map-
ing from Hg(Q) onto itself; I is the bounded imbedding discussed at the
nd of section 2. The bounded mapping I” is defined by the equality (again

he Riesz representation theorem is used)

*
(Z,IV)O’Q = (I Zﬂv)m’g’
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where z € LZ(Q), v € Hg(ﬂ). Given a f € LZ(Q), the solution of the gener-
alized Dirichlet problem with homogeneous boundary data (3.2), (3.3) can
then be expressed as u = Gf def A_II*f; from the definition it follows that

G is bounded.

3.4, Corollary. Assume that the operator L satisfies (L1), (L2) and (L3) of
theorem 2.15, and let AO be the constant appearing in (2.28). Then the gen-
eralized Dirichlet problem with homogeneous boundary data for the equation
(L+A\)u = f has a unique solution for any A > AO.

Proof: The bilinear form associated with L + A, i,e,

BA(U,V) = B(u,v) + A(usv)o’gs

is strongly coercive over Hg(Q). O

What remains is the investigation of the generalized Dirichlet problem
for L + A, with A < AO’ the case in which Bx(u,v) is not strongly coercive
wer Hg(Q). Without loss of generality we assume A = 0. First the Dirichlet
>roblem for L + AO is considered in the same fashion as in theorem 3.3 and

3.4. The mapping A mentioned in corollary 3.2 is now defined by

on(u,v) = (A“’V)m,g’

’he maps Al and G are introduced consistently with this definition. From

‘heorem 1.11 we know that the identity mapping

I: Hy(2) » L2(@)
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is compact. Consequently, the composition
16: 12(2) ~ 12(@)

s also compact, for G is a bounded mapping. Having a compact mapping of
;2(9) into itself, we may apply the Riesz-Schander theory. The following
heorem is based on this theory. For details see Agmon [1965], p. 102 ff.,
ind Friedman [1969], p. 44 ff.

3.5. Theorem. Let L satisfy the conditions (L1), (L2) and (L3) (see theorem
!.15). Then the Fredholm alternative holds fbr the generalized Dirichlet
roblem with homogeneous boundary data. More precisely, if B is the bilin-
:ar form associated with L, then for any £ ¢ LZ(Q) either there exists a

mique solution u € H?(Q) of
3.4) B(u,v) = (£,v), o for all ve Hg(n),
't the homogeneous equation
3.5) B(v,u) = 0 for all v e H (%)

as a finite number of linearly independent solutions uj, j=1,...,k, be-

onging to Hg(ﬂ), in which case there exists a solution of (3.4) if and

nly if
(f’uj)OQ=0’ i=1,...,k;

his solution is not unique.

roof: Apply the Fredholm alternative to the equation

u - AOIGu = IGf,

hich is equivalent to (3.4), G being the operator defined in 3.4. [J

.6. Remark. It is easily seen that the complex conjugate of B(v,u) is the

ilinear form associated with the adjoint L* of L.
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4. REGULARITY OF SOLUTIONS

Consider a solution u € Hm(Q) of the generalized Dirichlet problem. In
regularity theory the question is dealt with, which conditions should be im-
posed on the bilinear form, such that u belongs to a higher order Sobolev

+
space i k

(). This question is important for the following reason. Sobo-
lev's theorem shows that, given a non-negative integer k, for sufficiently
large j the Sobolev space of order j is imbedded in the space of k times
continuously differentiable functions Ck(Q). If a generalized solution is
to be classical, it therefore has to belong to such a Sobolev space.
Throughout this section L will be the differential operator of order

2m given in definition 2.10, and B the bilinear form associated with L.

4.1. Global outline. We shall try to give the reader a global idea along

which lines the argument of the regularity theory runs. For details one
is referred to e.g. Friedman [1969], p. 47 ff.

The regularity theory is divided into two parts, the first dealing
with regularity of the solution in the interior of the domain 2, the second
handling the regularity up to the boundary 3.

The steps to prove the regularity in the interior are the following.

First we observe that the difference quotient with respect to X5 i=1,...,n,

(4.1) W) = b uxrhel) - u(x)),

where e’ = (611""’6in)’ Gik being the Kronecker delta, is well defined in
each subdomain Q' with Q' Q, if h is smaller than the distance of Q' to
0. If u € Hk(Q), then of course uh € Hk(Q') for any Q' with Q' € Q. Fur-

thermore, it can be shown that if u € Hk(Q), then lim Huh—D.uH '
h>0 1 k-1,Q

also that if u € Hk(Q) and if for any subdomain Q' with ' c @, Huhllk

, and

<
Q' -
3
< ¢ for all sufficiently small h, where c is a constant independent of Q'

k
. Q . <ec.
ind h, then D.u e H (R) and lIDlqu’Q c
The next step to establish interior regularity of the solution is to
>rove that under certain assumptions for the bilinear form B associated

vith L, which will be specified below, the difference quotient uh of a
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‘unction u € Hm(Q) satisfying
m
B(u,v) = (f’v)O,Q for all v € HO(Q)

s uniformly bounded for sufficiently small h. By passing to the limit

+ 0 then by means of the result stated above it is proved that Diu € Hm(Q),
=l,...,n, from which it follows that u € Hm+1(Q). This line of reasoning

an be repeated a number of times, depending on the properties of B.

We now simply state the final results for interior regularity.

.2, Definition. Let j be a non-negative integer. The bilinear form

B(u,v) = y (a__ (x)p%u,DPu)

Q
Ipl,1ql<m 0,

s said to be j-smooth if the coefficients apq(x), for |pl+j-m =2 0, |ql| < m,

elong to C|p|+J_m(§).

If this assumption holds, then we denote by K a bound on the first
pl+j-m derivatives of all coefficients apq(x) in Q where |p|+j-m =2 0, |q| < m.

.3. Theorem. Let 1 £ j < m. Assume that

L1) L is uniformly strongly elliptic in Q with ellipticity module E;
L2) the coefficients apq(x) are uniformly bounded By a constant M;

Sj) the bilinear form B associated with L is j—smooth.

et further f ¢ LZ(Q), and let u € Hm(Q) satisfy the equation
4.1) B(u,v) = (f,v) for all v € Hm(ﬂ).
0,0 0

hen for any subdomain Q' of @ with Q' € Q, u belongs to Hm+J(Q'), and the

nequality
<
4.2) l|u||m+j’9. S (llfllo’g2 + IIuHm’Q)

olds; here c is a constant depending only on E, M, K, © and Q'.

roof: See Friedman [1969], p. 46 ff., or Agmon [1965]1, p. 51 ff. 0
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4.4, Theorem (regularity in the interior). Let the assumptions (L1), (L2)
and (Sp4) (i.e., B is (m+k)-smooth) hold for some k > 0, and let f € Hk(ﬂ).
If u e Hm(Q) satisfies equation (5.1), then u € H2m+k

Q' with 2' € Q and

(') for any subdomain

(4.3) el pgeqr < & CHEN o+ lull, o),

c depending only on E, M, K, Q and Q°',

Proof: By induction on k. [J

Turning our attention to regularity up to the boundary, we first state

the following lemma.

4.5. Lemma. Let BE(R) denote the half-ball {x ¢ R"||x| < R, x> 0}. Then

theorems 4.3 and 4.4 remain true for 9 = BE(R) and Q' = Bz(r), where r < R.

Proof: See Friedman [1969], p. 61 ff., or Agmon [1965], p. 103 ff. [J

This lemma gives us regularity up to the "flat" part of the boundary
of the half-ball. The idea of the proof is that the partial derivatives
with respect to X Diu, can be expressed in terms of the other partial
derivatives by making use of ‘the fact that u satisfies equation (4.1) in
BE(R). Consequently, derivatives along the normal at the "flat" part of the
boundary can be replaced by derivatives along the boundary; hence regulari-

ty up to the part of the boundary that coincides with Bfr-lis established.

Global regularity for an arbitrary bounded region with sufficiently
smooth boundary is proved in the following manner. Cover the boundary 99
>y a finite number of open bounded regions Qi in such a way that Qi n Q
can be mapped one-to-one onto a half-ball BE(Ri). According to definition
1.6 these maps and their inverses are of the same differentiability as the
>oundary 3. By taking a suitable open set QO with 50 cQ, Q is completely
zovered. Application of theorem 4.4 in QO and of lemma 4.5 then entails

he following theorem on global regularity. For details, again, see Fried-

nan [1969]. In the proof the partition of unity is needed.

t.6. Theorem. Let 2 be a bounded region with 3Q of class sz, and let as-
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>umpt10ns (L1), (L2) and (s ) hold for some j, 1 £ j < m. Let further
e L (R), and let u € H (Q) solve (4.1). Then u belongs to " J(Q), and
.nequality (4.2) holds w1th Q' replaced by Q.

If, for some k =2 0, 3Q is of class sz+k, if f € Hk(ﬂ), and if (Sp4q)

Ipl+k 2m+k

10lds, i.e. apq(x) e C (2) for all |pl,|ql<m, then u € H (R), and

.nequality (4.3) is valid with Q' replaced by Q.
By combining theorem 4.4 and Sobolev's theorem, we have:

t+7. Theorem. Let Q be a bounded region in Hfr, and let L be a uniformly
strongly elliptic operator in @ satisfying (L1) and (L2). Suppose further
hat for some k 2 0, but satisfying 2m+k > [n/2], the bilinear form B as-
jociated with L is (mtk)-smooth and the right hand side of the equation
T e Hk(Q). Then the following assertion is true:

If u is a generalized solution of the differential equation Lu = f in
'y i.e., if u solves (4.1), then u belongs to CQ(Q), where & = 2m+k-[n/2]-1.
lore precisely, u can then be redefined on a set of measure zero such that

Le Q).

This theorem tells us in which case a generalized solution of the dif-
‘erential equation is also a classical solution. What remains is the ques-
ion when a solution u satisfying the boundary conditions in the generalized
ense (see definition !.10) also satisfies these con&itions in the classi-
al sense, i.e. u € Cm_l(ﬁ) for the Dirichlet problem. The answer is given
y the following theorem, which is a consequence of theorem 4.6 and Sobo-

ev's theorem.

.8. Theorem. Let 2, L, B, f and k be as in the preceding theorem. Suppose
dditionally, that @ has a boundary of class C2m+k. If u is a generalized
olution of the Dirichlet problem, then it can be redefined on a subset of

of measure zero such that u € Cz(ﬁ), where & = 2m+k-[n/2]1-1.

.9. Remark. If, in particular, the coefficients of L belong to Cm(ﬁ), if
€ Cm(ﬁ) and if the boundary of @ is of class Cm, then the generalized so-

ution of the Dirichlet problem is infinitely differentiable in Q.
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5. OTHER BOUNDARY CONDITIONS

So far only Dirichlet boundary conditions have been considered. In
this section it is shown how some other boundary conditions are dealt with.
As opposed to the Dirichlet problem, that allows a uniform treatment for
equations of any order 2m, it is far more difficult to handle other bound-
ary conditions for equations of order 2m, m > 2, than for order 2. The rea-
son for this difference is to be found in the fact that in the case m = 1
the bilinear form associated with the ellipti¢ differential operator, as
given in section 2, is (strongly) coercive over HI(Q), where in the case
m 2 2 this bilinear form is only coercive over the subspace Hg(ﬂ) of Hm(Q).
Here we shall restrict ourselves to second order equations.

Let L be the uniformly strongly elliptic operator of order 2 defined
in (2.1) and B the bilinear form associated with L, given in (2.7). In this
section we shall not bother about regularity, and assume that u e HI(Q) and
Lu € LZ(Q). The regularity theory of the preceding section is easily ap-
plied to the examples that follow. The following version of Green's identi-

ty is useful.

5.1. Green's identity. For sufficiently smooth 3%, aij (i,j=1,...,n),

a (i=0,...,n), u and v the following equality holds:

n _ ax

(5.1) B(u,v) = (Lu,v)o’Q + J DJu do,

o0 i,§=1 i >

vhere do is a surface (line) element of 9.

5>.2. Remark. If V is a closed subspace of H ), such that H () =V, and
if B is a (strongly) coercive bilinear form over H (), it is also (strong-
ly) coercive over any such V. In the following examples we make different
hoices for V. An interpretation for these choices of V will be given for

:he problem of finding a u € V such that
B(u,v) = (f,v) for all ve V
0,8

10lds. The unique existence of such a function u follows from the consider-




ations made in section 3.

5.3. Dirichlet problem. If we take in (5.1) u,v ¢ V = Hé(ﬂ), then

B(u,v) = (Lu,v)0 Q for all v € Hé(Q).
9

Further, in accordance with section 3, there exists one u € HS(Q)

ing
1
B = (f f 11 Q).
(u,v) ( ,V)O’Q or all v € HO( )

2 . . .
Consequently, for every f € L™ () there exists a uniquely determin

eralized solution of
(5.2) Lu = £ in Q, u=0 on 39Q.

1 . . .
‘.4, Neumann problem. Let V = H (Q), then from Green's identity it

‘hat

oX.

n
j v z a,, — D.u do = 0 for all v ¢ H](Q).
50 ij o2 3

fhis identity can only hold if the expression

o0x.
:Tu def .. —aTlD.u = 0.
L ij=1 ]

30 for each f € LZ(Q) there is a unique generalized solution of th

(5.3) Lu = f in sz,:fT“ = 0 on 93Q,
L

vhich is known as the Neumann problem.
Notice that in the case that L is the Laplace operator -A, du

= 3u/dv, the derivative taken along the normal to the boundary.

29
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dixed problem. Let 319 be an open subset of 32, and le

2 V to be the completion in HI(Q) of the set of functi

ire zero in a certain neighbourhood of BIQ. Then V can

: closed linear subspace of all functions Hl(ﬂ) that a
1ich only a slight modification of lemma 1.9 is needed

> existence theory to B considered as a bilinear form

: existence of a generalized solution of the mixed bou

Lu=f in Q, u=0 on 3,0, 3u/8vL = 0 on 3,9.

1 2




y» REGULARITY IN DOMAINS WITH NON-SMOOTH BOUNDARIES

In section 4 global regularity of a solution has only been considered
.n the case that the domain @, in which regularity has to be demonstrated,
‘ulfills rather strong smoothness requirements. The question of regularity
f the solution of the Dirichlet problem for the equation Lu = f in a do-
1ain with "corners'y of which the rectangle is an example, cannot be answer-—
:d in a general manner. Different situations have to be studied in a separ-
ite way. The book of Ne¥as [1967] is the only one among the books mentioned
n the bibliography at the end of this report, which deals with this sub-
ect at some length. More or less as an illustration, two results for 2-
nd 3-dimensional domains respectively, will be reproduced here, the for-

wlation of which is relatively simple, though the proofs are not.

e e, e . n. . . .
o 1. Definition. A domain @ < R is said to satisfy the exterior cone con-
'“tion, if there exists a fixed cone C with a certain given opening, such

hat for each point Xy € o2 one can place the cone with its top in X and

urther completely outside Q; see figure 6.1.
A domain has the exterior ball property, if there exists a fixed ball

., such that for each X, € o2 the ball can be placed completely outside £

ith X € 9B, see figure 6,2.

: O
Figure 6.1 Figure 6.2

Note that a domain in the plane having a Lipschitz continuous boundary

atisfies the exterior cone condition.

.2. Theorem. Let  be a bounded domain in the plane Eézhaving a Lipschitz

ontinuous boundary. Let L be an elliptic operator of order 2m, satisfying
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the conditions (L1), (L2) and (L3). Let also the coefficients of L satisfy

the smoothness requirement

lpl-m+1 =
a e C 9]
pq ()
for |pl-m+1 = 0, |q| < m.
If ue Hg(ﬂ) is the solution of the generalized Dirichlet problem with
homogeneous boundary data for Lu = f, f ¢ LZ(Q), then u € Hm+1(Q) and

(6.2) Hullmﬂ’Q < const. (Ilfllo’Q + IIuIIm’Q)

where the constant is some positive number.

Proof: See Nedas [19671, p. 326 f. [J

Nelas does not state the result in the above form. We have chosen this

formulation to make it consistent with theorem 4.6 and inequality (4.2).

6.3. Corollary. Let the same Dirichlet problem be given as in theorem 6.2,
but with (6.1) replaced by

+2 =
apq € Clpl (Q)’ ' Iplalqlsm’

and with f € HZ(Q) instead of LZ(Q). Then the generalized solution of this
Dirichlet problem can be redefined on a set of measure zero, such that u

is a classical solution, i.e. u € Cm_l(ﬁ) n sz(ﬂ). .

Proof: Note that if f € HZ(Q), we may consider f to belong to Co(ﬁ), ac-

cording to Sobolev's theorem (theorem 1.13). From theorem 4.4 it follows

that u € H2m+2(Q') for any subdomain Q' of Q with Q' < Q. Again as a con-

sequence of Sobolev's theorem we find for domains iniRz H?mﬁz(ﬂ')c sz(Q')
for all Q' with Q' < Q, thus u ¢ sz(Q). From theorem 6.2 we infer that

— - . + -
ue C" 1(Q), since HT l(Q) c Cm+l(Q). 0
5.4. Remark. If the bilinear form B associated with the differential opera-
tor L is strongly coercive over Hg(ﬂ), and if u is the solution of the gen-

eralized Dirichlet problem with homogeneous boundary data, then u satisfies
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:he inequalities
2
cEllull? < Re B(u,u) = Re(£,w), < II£]l, llull,

there ¢ is some positive constant. Consequently, IhJHm is bounded from a-

yove by C]||fH0, where c, is some positive constant. Substitution of this

1
ipperbound into (6.2) leads to a reformulation of the assertion of theorem

1.2, namely
’ <
6.3) Ilu”nﬁl,ﬂ < const. ”fHO,Q'

there the constant is a positive number.
We now consider the case of a 3-dimensional domain.

.4, Theorem. Let 2 be a bounded domain in Bf3with a Lipschitz continuous
oundary, and satisfying the exterior ball condition. Let L be an elliptic
jperator in , satisfying the same conditions as the operator L in theorem
.2, Suppose, additionally, that L has real coefficients and that the bi-
.inear form associated with L is strongly coercive. If u ¢ Hm(Q) solves the

0
:\quation Lu = £, f € LZ(Q), in the generalized sense, then u € Ck 1(Q), and

) sup |u(x)| < const. IIfHO q °
lpl<k-1 @ : >

'roof: The proof is quite complicated, and involves concepts that have not

een mentioned in this report. See Nelas [1967], Ch. 6 and 7. [




ATURE

L., John, F,

:chter, M.

nan, A,

ider, L.

E.M. de

J.L. &

s, E,

J.

tures on elliptic boundary value problems. Van No-

ind, Princeton etc., 1965.

tal differential equations. Lectures in Mathematics,

» III. Interscience, New York, etc., 1964.

‘tal differential equations. Holt, Rinehart and Win-
1, New York etc., 1969.

:ar partial differential operators. Springer, Berlin,
s 1963,

ry of distributions, Ch. II in: Mathematics applied
vhysics, E. Roubine (ed.), Springer, Berlin, etc. /
. Paris, 1970.

'lémes aux limite nom homogénes I, II. Dunod, Paris,

)
)e

méthodes directes en théorie des équations ellip-

e8. Academia, Prague, 1967.

and complex analysis, McGraw-Hill, New York, etc.,

drdume und verallgemeinte Funktionen. Lecture Notes

athematics 82, Springer, Berlin, etc., 1969,




